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AbstractÐThe marginal maximum entropy criterion has been used to guide

recursive partitioning of a continuous sample space. Although the criterion has

been successfully applied in pattern discovery applications, its theoretical

justification has not been clearly addressed. In this paper, it is shown that the basic

marginal maximum entropy partitioning algorithm yields asymptotically consistent

density estimates. This result supports the use of the marginal maximum entropy

criterion in pattern discovery and implies that an optimal classifier can be

constructed.

Index TermsÐMarginal maximum entropy, recursive partitioning, pattern

discovery, asymptotic optimal classification.
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1 INTRODUCTION

THE marginal maximum entropy (MME) criterion for recursive
partitioning has been exploited in missing data analysis [1], the
automatic detection of relational information [2], knowledge
discovery in databases [3] and, more recently, in multivariate data
mining [4]. In these applications, the utility of the MME-driven
recursive partitioning lies in the estimation of probability density
functions (pdf) from data. These pdfs are subsequently employed
in pattern classification. While asymptotically consistent prob-
ability density estimates have been validated for several recursive
partitioning schemes [5], [6], [7], [8], [9], a like result has not been
established for the MME criterion. This paper will argue that under
mild assumptions about the underlying data distribution, MME-
driven recursive partitioning furnishes consistent probability
density estimates, i.e., estimates with asymptotically unbiased
mean and vanishing variance.

The remainder of the paper is organized as follows: In Section 2,

the marginal maximum entropy criterion is stated and the basic

recursive partitioning algorithm is paraphrased. Section 3 com-

prises the bulk of the paper and details the arguments towards

asymptotic consistency. The implications of this theoretical result

on pattern classification are discussed in Section 4.

2 THE MME CRITERION AND RECURSIVE

PARTITIONING

The following definition from probability theory will apply

throughout the discussion:

Definition 1 (Event). An event in <d is a Borel set.

A Borel set [10] is a subset of the d-dimensional continuous sample

space <d belonging to a Borel field of <d. For the purpose of this

discussion, an event can be thought of as a hyperrectangle in <d.
Indeed, the two terms will be used interchangeably.

Partitioning a data set involves the segmentation of observa-

tions into disjoint groups or events. The objective of partitioning is

to describe the data probabilistically, that is, to estimate a

probability for each event. Event probabilities are estimated as,

P̂j � nj
N
; �1�

where N is the total number of data points under consideration

and nj is the number of data points within Ej, or the cardinality of

the set Ej. Similarly, the probability density of an event is

commonly estimated by,

p̂j � nj
Nvj

; �2�

where vj is the volume of the event or hyperrectangle. These

estimates are well-established in histogram-based density estima-

tion [11] and have been prevalent in automatic pattern recognition

applications [12].

Clearly, a unique partition of the sample space does not

exist and numerous partitioning criteria, such as maximum

Kolmogorov-Smirnoff distance [8], [6], [13], minimum within-

partition sum-of-squares [14], and minimum misclassification

cost [5], have been proposed. A recent review of paritioning

criteria is found in Murthy [15]. The marginal maximum

entropy criterion [3], [16] is derived from information theory

and prescribes yet another method of partitioning the sample

space. According to this criterion, the subspace of interest is

segmented in a way which approximately maximizes the overall

entropy [17], H, of the partition. If the subspace is partitioned

into J events, then the entropy of the partition is expressed as,

H � ÿ
XJ
j�1

Pj logPj; �3�

where Pj is the probability associated with event Ej. The

approximate nature of the method is due to the fact that

partitioning is not performed in the full dimensionality, but rather

marginally along each dimension. It has been shown experimen-

tally that this is a reasonable approximation [16] for a number of

distributions. The marginal maximum entropy partitioning criter-

ion is summarized below.

Definition 2 (Marginal Maximum Entropy (MME) Criterion). To
approximately maximize the entropy of a d-dimensional partition,
d � 2, maximize the entropy of each one-dimensional (marginal)
partition.

It is well-known that the entropy of a partition (3) is maximized

when all probabilities are equalized [17], [18]. Consequently, the

equalization of probabilities in (3) translates into an equalization of

event frequencies. Therefore, marginal maximization of entropy

involves the segmentation of individual axes into 1-dimensional

intervals such that each interval contains an approximately equal

number of samples [16].

The MME criterion has been used in conjunction with recursive

partitioning to estimate the probability density of a data set. The

algorithm draws upon recursive partitioning [5], [8], [16] and

hierarchical discretization [3], [2]. Suppose we want to partition a

subspace 
 � <d. At a given level of recursion, if we choose a
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partition size Q where Q � 2, the d-dimensional subspace of interest

will be segmented into Qd hyperrectangles or events. The basic

algorithm is paraphrased below.

Simple Recursive Partitioning with MME Criterion

Choose a partition size Q0; Q0 � 2

Call Partition�
; Q0�

Procedure Partition�S;Q�
Partition S into Qd events according

to the MME criterion:

For each event Ej; j � 1 . . .Qd

If nj < �,

Estimate probability density as p̂j � nj
Nvj

Else

Choose a partition size Qj

Call Partition�Ej;Qj�
End if

End For

End Partition

In the above, � is the threshold sample size below which further

partitioning is not warranted. The minimum requisite sample size

for statistical testing in contingency tables [19], [20], [21] has served

as a guide in determining this threshold [4]. The choice of partition

size Qj is governed by the trade-off between maximizing statistical

significance of the resulting events while minimizing computa-

tional complexity. A crude upper bound for Qj is �N� �1=d. In other

words, choose Qj such that each d-dimensional event has at least

the minimum requisite number of data points for statistical testing.

For the purpose of this paper, we do not need to be concerned with

the exact method of determination of these two parameters, � and

Qj. It is important to note that, while the MME criterion equalizes

frequencies within intervals, the lengths of the intervals are not

uniform. Herein lies the potential to estimate any general

distribution of data. Extensions to this basic algorithm can be

found in [2], [3] and, more recently, [4].

3 ASYMPTOTIC CONSISTENCY

The fundamental measure of correctness of a classification rule is

its unconditional error rate, Rn, in the limit of an infinite training

sample. A rule is Bayes risk consistent or efficient if it satisfies the

following asymptotic condition:

lim
n!1Rn � R�; �4�

where R� is the Bayes error rate or Bayes probability of error. This

is the optimal error rate achievable and can occur only if the class

conditional densities are completely specified. It will be argued

that, in the presence of large samples, a Bayes risk consistent

classifier can be constructed via marginal maximum entropy

partitioning. The critical component of this argument is to

demonstrate that MME-driven recursive partitioning furnishes

consistent class density estimates. The proof will proceed in three

stages. First, the large sample behavior of the recursive algorithm

is characterized (Proposition 1). Second, asymptotic unbiasedness

of the density estimate is argued (Proposition 2). Third, vanishing

variance in the limit is shown to be true (Proposition 3). For

notational convenience, the event indicator function Ij�x� is

defined.

Definition 3 (Event Indicator Function). The indicator function for

the event, Ej, is defined as,

Ij�x� � 1 if x 2 Ej

0 otherwise:

�
�5�

Here, x 2 <d is a point in the d-dimensional sample space. We now

characterize the large sample behavior of the hyperrectangles
obtained from recursive partitioning.

Proposition 1 (Large Sample Behavior). Suppose MME-driven

partitioning is recursively applied to a sample space 
 � <d with

N data points. If N !1 then,

1. The maximum number of allowable recursions, rmax,
increases at the rate lnN .

2. The ratio nr
N ! 0, where nr is the number of points in the

event containing x at the rth recursion.
3. The hyperrectangle volume vanishes, i.e., VN ! 0, but

NVN !1.
4. For each data point x, there will be an event center c such

that, j cÿ x j< �, 0 < � << 1.

Proof. To prove the first item, we find a lower bound on the

maximum number of recursions rmax. Let � represent the
minimum allowable number of points in an event and let Qi be

the partition size at the ith level of recursion. Recall that N is

the total number of points under consideration. For one
particular subspace, we may write,

� �
Yrmax
i�1

1

Qd
i

� �� �
N: �6�

The above equation is a direct result of the marginal frequency
equalization property of the marginal maximum entropy

criterion. Let Qmin � mini Qi. We can then form an upper

bound to the product,

1

Q1

1

Q2
. . .

1

Qrmax

� 1

Qmin

� �rmax
: �7�

Using this result in (6) and taking logarithms yields,

ln � � lnN � drmax ln
1

Qmin

� �
: �8�

Rearranging, we arrive at a lower bound for r,

rmax � A lnN ÿ B; �9�
where A � 1

d lnQmin
and B � A ln �. As A and B are constants

with respect to N, then rmax grows approximately as lnN .

Therefore, rmax !1 as N !1. tu
Consider a sequence of nested events, Ek, k � 1 . . . r, produced

by recursive partitioning. Here, k denotes the level of recursion.

Consider a point x contained in the nested events, i.e.,

x 2 Er � Erÿ1 � . . . � E1. Let nr be the number of points in Er.
By the frequency equalization property, we have, for fixed N,

nr � nrÿ1

Qd
r

� nrÿ2

Qd
rQ

d
rÿ1

� � � � � NQr
i�1 Q

d
i

: �10�

Rearranging,

nr
N
� 1Qr

i�1 Q
d
i

where Qi > 1 8i: �11�

We know that r!1 and, thus, nrN ! 0 as N !1.
To prove that the volume decreases to 0, we note that in a

particular subspace,

VN � VGlobal
Yr
i�1

1

Qd
i

�12�
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where VGlobal is the constant, finite, global volume of the space
occupied by the data. As Qi > 1 for all i and r!1 as N !1,
therefore, limN!1 VN � 0. However, we need to show that VN
decreases slower than 1=N . Recall the crude upper bound for the
partition size, Qi � �ni� �1=d, where � denotes the minimum number
of points required for statistical testing and ni is the number of
points in an event Ei at the ith level of recursion. Thus, the volume
can be loosely bound as follows:

VN � VGlobal
Yr�N�
i�1

�

ni
; �13�

where we have written r�N� to indicate that r is a function of N .
Multiplying both sides by N , we obtain,

NVN � VGlobal�
Yr�N�
i�1

N

ni
: �14�

However, we know that limN!1 ni
N � 0 and, therefore, we conclude

that the right-hand side of the above inequality increases to
infinity, implying that NVN !1 as N !1.

Again, consider the sequence of events Ek, k � 1 . . . r, that
contain x. Let ck be the centers of Ek. Let hkj be the length of the
jth dimension of Ek,

hkj � h1j

Yrÿ1

i�1

1

Qi
; Qi > 1; �15�

where h1j is the original length, prior to any recursion. Define

the diagonal of the event Ek as diag�Ek� �
������������������Pd

j�1 h
2
kj

q
. For

x 2 Ek,

kxÿ ckk � diag�Ek�; �16�
where k � k is the Euclidean norm. Since Qi > 1, hkj ! 0 and,
therefore, diag�Ek� ! 0 as r!1. We conclude then that there
exists a positive integer R such that for r > R recursions and
0 < � << 1, kxÿ crk < �. In other words, the center of the event cr

can become arbitrarily close to x. Having characterized the large
sample behavior of the recursive partitioning algorithm, we are
now ready to determine the asymptotic properties of the pdf
estimate.

Proposition 2 (Unbiased Estimate). Suppose we have a sample space

 2 <d from which we independently draw N samples x according to
the probability law f�x�. The pdf estimate,

f̂�x� �
XK
i�1

Ii�x� nEi
NVEi

�17�

based upon the final set of events, fEig, i � 1 . . .K, of a sequence of
recursive maximum entropy partitions of 
 is asymptotically
unbiased, i.e., for x 2 
,

E�f̂�x��ÿ!f�x� as N!1 �18�
Here, E��� denotes expectation over different random samplings.

Proof. For a test point xtest contained in the event Ei of the final
partition,

E�f̂�xtest�� � E�f̂Ei � �19�
� E� ni

NVi
� �20�

� P

Vi
: �21�

In the last equation, we exploited the fact that the number of
points ni falling within the event Ei is binomially distributed

with probability P � REi f�x�dx, i.e., ni � Bin�N;P �. Hence,

E�ni� � NP .
Assuming that f�x� is continuous and bounded on Ei and

that Ei is connected, then we may apply the mean value
theorem to evaluate P . In other words, there exists a point p in
Ei such that Z

Ei

f�x�dx � f�p�V�Ei�; �22�

where V �Ei� �
R
Ei
dx. Employing this result in (21) yields,

E�f̂�xtest�� � f�p� p 2 Ei: �23�
Now, let ci be the center of Ei. By Proposition 1, we know that

as N !1,

kpÿ cik < �1 �24�

kxtest ÿ cik < �2; �25�
where 0 < �1; �2 << 1 and k � k is the Euclidean norm. To relate

p and xtest, we make use of the triangle inequality,

kpÿ xtestk � kpÿ cik � kxtest ÿ cik �26�
< �1 � �2: �27�

Hence, as N !1, kpÿ xtestk ! 0, implying that p! xtest.

This leads to the conclusion that as N !1,

E�f̂�xtest�� ! f�xtest�: �28�

tu
The unbiasedness of the pdf estimate has now been addressed.

To complete the argument for consistent estimation, the variance of

the estimate needs to be examined.

Proposition 3 (Vanishing variance). The pdf estimate (17), when

applied under the conditions as in Proposition 2, has asymptotically

vanishing variance, i.e.,

V ar�f̂�x��ÿ!0 as N !1: �29�

Proof. For a test point x that falls inside a event Ei,

V ar�f̂�x�� � E�f̂�x�2� ÿ E�f̂�x��2 �30�

� E n2
i

N2V 2
N

� �
ÿ E ni

NVN

� �2

�31�

� 1

N2V 2
N

E�n2
i � ÿ E�ni�2

� �
�32�

� 1

NV 2
N

P �1ÿ P �: �33�

In the last inequality, we again have used the fact that ni �
Bin�N;P � and, thus, E�n2

i � ÿ E�ni�2 � V ar�ni� � NP �1ÿ P �.
As before, P is the probability of finding a point in Ei. Again, if

we assume that f�x� is bounded and continuous over Ei and Ei

is connected, then, we can apply the mean value theorem.

Substituting, P � f�p�VN, p 2 Ei, in (33), we obtain

V ar�f̂�x�� � f�p�
NVN

ÿ f�p�
2

N
: �34�

By Proposition 1, we know NVN !1 as N !1 and, thus, the

variance vanishes as N !1. tu
The preceeding propositions have established the asymptotic

bias and variance of the pdf estimate. It now remains to show that
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the pdf estimate is asymptotically consistent. By Markoff's

Theorem [10, p. 212], we know that asymptotic unbiasedness

(Proposition 2) and vanishing asymptotic variance (Proposition 3)

imply the mean square convergence of f̂ to f , i.e.,

E��f̂�x� ÿ f�x��2�ÿ!0 as N !1: �35�
By Tchebycheff's Inequality [10, p. 113], we know that mean square

convergence implies convergence in probability. In other words,

the probability density estimate, f̂�x�, is asymptotically consistent.

4 IMPLICATIONS AND CONCLUSION

When the recursive partitioning process is applied independently

for each class, the above results imply that each class density

estimate converges in probability to the respective true density.

Hence, in the presence of large samples, a Bayes risk consistent

classifier can be constructed via recursive partitioning with the

MME criterion. Furthermore, unequal prior probabilities can be

assigned to each class to form a general classification rule. This

result supports the use of the MME criterion in supervised

classification problems.
It is important to note that this paper has not addressed the rate

of convergence of the pdf estimates to their asymptotic values with

respect to increasing sample size. In other words, the established

result does not yield any specific insight into the finite sample size

behavior of the estimate, information that would impact the

practical utility of MME-driven recursive partitioning. None-

theless, some past studies have shown experimentally that finite

sample performance is practically adequate and comparable to that

of other established methods [4], [3], [2]. No mention has been

made about the rate of degradation in the pdf estimates, in the

presence of noise corrupted data. This robustness issue along with

finite sample convergence rates are areas requiring further

theoretical and experimental investigation.
In this short paper, it has been shown that the marginal

maximum entropy criterion, when used in conjunction with

recursive partitioning, provides asymptotically consistent pdf

estimates. In turn, these pdf estimates can be used to construct a

theoretically optimal classifier.
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